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ABSTRACT
Recent analyses of Kepler space telescope data reveal that transiting planets with orbital peri-
ods shorter than 2− 3 days are generally observed around late-type stars with rotation periods
longer than∼ 5−10 days. We investigate different explanations for this phenomenon and favor
an interpretation based on secular perturbations in multi-planet systems on non-resonant or-
bits. In those systems, the orbital eccentricity of the innermost planet can reach values close to
unity through a process of chaotic diffusion of its orbital elements in the phase space. When
the eccentricity of the innermost orbit becomes so high that the periastron gets closer than
∼ 0.05 AU, tides shrink and circularize the orbit producing a close-in planet on a timescale
. 50 Myr. The probability of high eccentricity excitation and subsequent circularization is
estimated and is found to increase with the age of the system. Thus, we are able to explain
the observed statistical correlation between stellar rotation and minimum orbital period of the
innermost planet by using the stellar rotation period as a proxy of its age through gyrochronol-
ogy. Moreover, our model is consistent with the entire observed distributions of the rotation
and orbital periods Porb for 3 . Porb . 15 days.
Key words: planetary systems – stars: rotation.
1 INTRODUCTION
The Kepler space telescope has observed more than 150,000
stars in a field toward the Cygnus constellation finding more
than 3000 exoplanet candidates through the method of transits
(Batalha et al. 2013). For a subsample of 737 late-type star candi-
dates, McQuillan et al. (2013) have been able to measure the rota-
tion periods by computing the autocorrelation of the out-of-transit
flux modulations induced by surface brightness inhomogeneities
(starspots). They report a dearth of close-in planets (orbital period
Porb . 10 days) around fast rotating stars (i.e., with a rotation pe-
riod Prot . 3 − 5 days).
Using periodogram techniques, Walkowicz & Basri (2013)
measured the rotation periods of ∼ 950 Kepler planet candidate
host stars and confirmed the paucity of close-in planets (Porb .
6 days) around fast-rotating hosts (Prot . 6 days) with the excep-
tion of candidates having a radius Rp > 6R⊕ that mostly consist
of tidally synchronized systems. Large companions may indeed in-
duce tidal synchronization of their host stars thus significantly af-
fecting their rotation regime (e.g., Bolmont et al. 2012).
We investigate possible explanations for such a scarcity of
close-in planets around fast rotating host stars. We favor a scenario
based on the secular dynamic evolution of planetary systems in
⋆ E-mail: nuccio.lanza@oact.inaf.it
† E-mail: shkolnik@lowell.edu
which older stars, that have been slowed down by magnetic brak-
ing, are accompanied by close-in planets whose orbits have been
shrunk by a combination of dynamical interactions with distant
planets and tidal dissipation. Our model accounts for the observed
distribution of the orbital periods of candidate planets in the range
3 − 15 days.
2 OBSERVATIONS
McQuillan et al. (2013) reported parameters for a sample of 1961
Kepler objects of interest (KOIs) showing candidate planetary tran-
sits. For 737 stars of the sample, they were able to detect the rota-
tion period by means of the autocorrelation of the photometric time
series. For these stars, they found a statistical correlation between
the rotation period Prot of the host and the minimum orbital period
of the innermost transiting planet Porb:
log Prot = (−0.69 ± 0.07) log Porb + (1.13 ± 0.02). (1)
This regression line was computed in order to have 95 percent of the
data points in the Prot vs. Porb plot above it in the region bounded by
Porb 6 10 days and Prot > 3 days (see the solid line in Fig. 1). The
uncertainties in the fit coefficients were obtained by performing the
fit using a random selection of the 80 percent of the data points
over one thousand iterations. We refer to McQuillan et al. (2013)
for more details on the sample and the criteria applied to exclude
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Figure 1. The rotation period of the host star Prot vs. the orbital period of its innermost transiting planet Porb for the systems of McQuillan et al. (2013). The
size of the symbol is proportional to the radius of the planet. The solid line is the regression found by McQuillan et al. (2013) between the rotation period
and the minimum orbital period of the innermost planet. The dashed line plots the relationship Prot = Porb, i.e., the locus corresponding to tidal equilibrium
(synchronization).
false positives and close stellar binary systems. Binaries consisting
of late-type stars with Porb . 10 days are generally close to syn-
chronization (i.e., Prot = Porb, plotted as a dashed line in Fig. 1),
therefore synchronized binary and planetary systems have been ex-
cluded from the fit.
Most of the planets that follow Eq. (1) have a radius of 2−3 R⊕.
With few exceptions, their masses have not been measured yet by
radial-velocity techniques. Therefore, we estimate the mass Mp of
a planet from its radius Rp according to the formula proposed by
Lissauer et al. (2011): Mp = (Rp/R⊕)2.06 M⊕, where R⊕ is the radius
of the Earth and M⊕ its mass. In this way, we find that most of
the planets defining Eq. (1) have masses ranging between ∼ 4 and
∼ 10 M⊕.
We take advantage of the measured rotation periods to esti-
mate the age distribution of the host stars by means of gyrochronol-
ogy. We adopt Eq. (3) of Barnes (2007) and determine the B − V
color of a given star from its effective temperature by interpolating
in Table 15.7 of Cox (2000). For a proper application of the method,
we consider late-type main-sequence stars, i.e., with B − V > 0.5
and log g > 4.0, having a sample of 707 stars. The distribution of
their age is plotted in Fig. 2 (solid black histogram) where ages
younger than 500 Myr have been discarded since Eq. (3) of Barnes
(2007) does not apply to the youngest stars. Differences arising
from the use of different calibrations for the gyrochronology rela-
tionship are small, as discussed by Walkowicz & Basri (2013).
Several observational biases affect this distribution. Since Ke-
pler time series show long-term trends and jumps when the space-
craft is re-oriented after ∼ 90 days of observations, it is not possible
to determine reliable rotation periods longer than ∼ 45 days. This
corresponds to an age of ∼ 7.0±1.5 Gyr for a star with B−V = 0.9
or younger for a star of later type. Assuming a more conservative
limit of 30 days as in Nielsen et al. (2013), this means a maximum
age of 3.0 ± 0.7 Gyr for stars with B − V > 0.9. McQuillan et al.
(2014) show that the maximum measured rotation period in the
whole sample of Kepler stars increases with decreasing effective
temperature ranging from ∼ 20 to ∼ 50 days for Teff going from
∼ 6500 to ∼ 5000 K. As discussed by the authors, this is likely
associated with the lower amplitude and the lower coherence of the
signal for stars of higher effective temperature. Therefore, the in-
strumental limitations and the intrinsic properties of the flux mod-
ulation in hot stars severely reduce the number of very old stars in
our sample.
To consider a less biased sample, we restrict ourselves to the
478 stars with 0.5 6 B − V 6 0.9 whose gyro-age distribution is
plotted as the green dashed histogram in Fig. 2. We see that this
sample has a more uniform age distribution than the whole sample
that extends up to a maximum B − V of 1.6. Nevertheless, even
this sample suffers from selection effects. Young stars often show
an irregular variability, especially for Teff > 6000 K. Moreover,
stars with 5000 < Teff < 6500 K and an age > 3 − 4 Gyr have
active regions that evolve on a timescale significantly shorter than
their rotation period making a reliable determination of it partic-
ularly difficult. This effect can be investigated by using the 30-yr
long time series of the total solar irradiance that is a good proxy
for the optical variability of the Sun as a star (e.g., Lanza et al.
2003). In Fig. 3, we plot the autocorrelation of the total solar ir-
radiance for twelve individual time intervals of ∼ 1100 days that
are good proxies for Kepler observations covering quarters 3 − 14
c© 2002 RAS, MNRAS 000, 1–13
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Figure 2. Distribution of the age of the host stars with measured rotation
period, B − V > 0.5, and log g > 4.0 according to the gyrochronology
relationship of Barnes (2007) (solid black histogram). The age distribution
for the subsample with 0.5 6 B − V 6 0.9, that is less affected by selection
effects, is plotted as a green dashed histogram. Errorbars are given by the
square root of the number of stars in each bin.
as in McQuillan et al. (2013) 1. The amplitude of the autocorre-
lation corresponding to the case of pure noise is indicated by the
nearly horizontal dashed lines and has been computed according
to Lanza, Das Chagas, & De Medeiros (2014). An autocorrelation
with multiple peaks equally spaced vs. the time lag, as required
for a reliable rotation measurement, is only seen in about 30 − 40
percent of the cases. These correspond to periods close to the min-
imum of the 11-yr solar cycle when the irradiance is modulated by
faculae that have lifetimes of 2 − 3 rotations. On the other hand,
when the modulation is dominated by sunspot groups having a life-
time of only 10 − 15 days, it is not possible to measure a clear
rotation period (cf. Lanza et al. 2003; Lanza, Rodono`, & Pagano
2004, for more details).
We conclude that the hosts with a measured rotation period are
late-type stars with an approximately uniform age distribution up
to ∼ 3 − 4 Gyr. F-type stars have a fraction with measured rotation
periods that decreases rapidly with increasing age because of the
marked decrease of the amplitude of the modulation with increas-
ing rotation period (see Fig. 4 and discussion in McQuillan et al.
2014, for details). G-type stars older than 3 − 4 Gyr are charac-
terized by a flux modulation too irregular to provide a reliable de-
termination of the rotation period in most of the cases, as demon-
strated by the Sun. On the other hand, K and M-type stars older
than about 3 − 4 Gyr have rotation periods longer than ≈ 30 days,
i.e., close to or beyond the instrumental limit of Kepler. In view
of these selection effects, host stars with an effective temperature
between 5000 and 6100 K without measured rotation periods can
be regarded as generally older than those with measured rotation,
i.e. older than ≈ 4 − 5 Gyr.
Having derived some information on the age distribution of
the host stars, we now plot the distributions of the orbital periods
1 Data obtained from ftp://ftp.pmodwrc.ch/pub/data/irradiance/composite/
Figure 3. Autocorrelation of the variation of the total solar irradiance vs.
the time lag. Different colours and linestyles refer to the different twelve
individual intervals of ∼ 1100 days considered to compute the autocorrela-
tion. The vertical dotted lines mark the equatorial rotation period of the Sun
and its multiples where relative maxima of the autocorrelation are expected
to be seen. The horizontal dashed lines mark the autocorrelation level cor-
responding to noise.
of the transiting planet candidates in Fig. 4 both for stars with and
without measured rotation period. The errorbars are given by the
square root of the number of candidates in each bin of the his-
tograms. The frequencies have been corrected for the effect of the
transit probability ptr by dividing the observed number of candi-
dates in a given bin by ptr = R∗/a, where R∗ is the radius of the star
and a the semimajor axis of the orbit assumed to be circular. The
probability that the two distributions come from the same popula-
tion is only 9.3 × 10−6 according to a Kolmogorov-Smirnov test.
We see a remarkable decrease in the frequency of candidate
planets for Porb & 15 days around the stars with a measured rota-
tion period, while for those orbiting stars without detected rotation,
the decrease, if any, is more gradual. Given the larger errorbars for
Porb > 50 days, any difference between the two distributions in that
interval is not significant.
In view of the above results on the age distributions of the
host stars, the difference observed in the two distributions for
Porb . 15 days is probably due to evolutionary effects. Specifically,
we conjecture that the remarkable decrease in frequency of close-in
candidate planets with Porb . 4 − 6 days may indicate their disap-
pearance as a consequence of a complete evaporation or falling into
the host star after an evolution of ∼ 4 − 5 Gyr. We consider these
processes in some detail in the next sections.
3 MODELS
We consider three different scenarios to account for the correlation
found by McQuillan et al. (2013) and the observations described
above, first discarding hypotheses that do not appear plausible,
(Sects. 3.1 and 3.2) and conclude with the most likely explanation
for the paucity of planets around rapidly rotating stars (Sect. 3.3).
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Figure 4. Distribution of the orbital periods of the planets for the 737 KOI
with a measured host rotation period (solid black histogram) and for the
1224 systems for which the rotation period was not detected (dashed green
histogram). The distributions have been corrected for the transit probability
and then normalized to the total number of systems in each sample, respec-
tively. The vertical dashed orange line marks the beginning of the decrease
in frequency of planets around the stars with a measured rotation period
observed for Porb & 15 days.
3.1 Scenario 1: Planet evaporation
The possibility that planetary evaporation may account for the
observations by completely ablating planets close to very active,
rapidly rotating hosts, can be quantitatively studied by using the
model by Lecavelier Des Etangs (2007) to estimate the mass loss
rate under the action of the stellar extreme ultraviolet (EUV) ir-
radiation. We derive the mass of our transiting planets from their
radius and obtain values up to ∼ 17 M⊕ for Rp = 4 R⊕. With
an upper limit to the evaporation rate of 1012 g s−1 for the clos-
est Neptune-like planets (semimajor axis a ∼ 0.03 AU), we ob-
tain a lower limit of 3.3 Gyr for their lifetime. The evaporation
rate is proportional to a−2R3pM−1p ∝ a−2Rp, considering Eq. (14) of
Lecavelier Des Etangs (2007) and our assumed dependence of the
mass on the radius. Thus the planetary lifetime scales as ∼ a2R−1p ,
making evaporation ineffective for small planets (2 . Rp . 4 R⊕)
beyond 0.05−0.07 AU, i.e., at orbital periods & 4−7 days around a
sun-like star. This is confirmed by Ehrenreich & De´sert (2011) and
Wu & Lithwick (2013), among others.
Lanza (2013) proposed that the energy released by the recon-
nection of the stellar and planetary magnetic fields can increase
the evaporation rate of the planetary atmospheres up to a factor of
∼ 30. However, this additional source of energy is effective only for
a . 0.05 AU, i.e., at orbital periods . 4 days, therefore it cannot
modify the above result.
We can confirm the limited role of evaporation by compar-
ing the distribution of the planet radii for the systems having hosts
with measured rotation with those without in Fig. 5. Since the sys-
tems without measured rotation are likely to be significantly older
than those with measured rotation, their planets should have expe-
rienced a stronger cumulative effect of the evaporation, thus mak-
ing their distribution more peaked toward lower values of the ra-
Figure 5. Distribution of the planetary radii for the systems whose hosts
have measured rotation (solid black histogram) and those without mea-
sured rotation (green dashed histogram). The errobars are estimated from
the square root of the number of systems in each bin.
dius. However, we find no indication for that effect because the two
distributions are very similar. A Kolmogorv-Smirnov test confirms
that they are drawn from the same population with a probability of
0.187. We conclude that planetary evaporation is not a viable ex-
planation for the considered correlations that involve planets up to
an orbital period of ∼ 15 days.
3.2 Scenario 2: Tidal star-planet interactions
Another possibility is that systems with a rapidly rotating host are
the youngest in our distribution and their planets have not had time
to migrate toward the star under the action of tides. On the other
hand, stars with longer rotation periods are older and thus there
was enough time for the tidal shrinking of the orbits of their plan-
ets. Tides remove angular momentum from the orbital motion thus
reducing the semimajor axis and spinning up the host star. Nev-
ertheless, considering planets with masses up to ≈ 10 M⊕, this
process is generally not able to modify the stellar rotation period
in a significant way, so the only relevant effect is that of decreasing
the orbital period.
More precisely, we can predict the maximum variation of the
stellar rotation by considering that the angular momentum of a
planet on a circular orbit of semimajor axis a is:
Λ =
Mp M∗
M∗ + Mp
√
G (M∗ + Mp) a ≃ Mp
√
GM∗a, (2)
where G is the gravitation constant and M∗ the mass of the star
with Mp ≪ M∗. If all this angular momentum is transferred to a
star of radius R∗ having a moment of inertia I∗ = M∗(βR∗)2, where
β ≃ 0.36 is the non-dimensional gyration radius, we obtain an an-
gular velocity variation ∆Ω∗ = Λ/I∗. For a star with M∗ = 1 M⊙,
R∗ = 1 R⊙, a maximum planet mass Mp = 10 M⊕, and maxi-
mum orbital separation where tidal interaction becomes effective
of a = 0.1 AU, we obtain: ∆Ω∗ = 6.7 × 10−7 s−1 that is only 25
percent of the angular velocity of a star rotating as slowly as the
c© 2002 RAS, MNRAS 000, 1–13
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present Sun. Tidal spin-up occurs on a timescale of at least several
hundreds Myr (e.g. Dobbs-Dixon, Lin, & Mardling 2004). We as-
sume that the stellar convection zone is effectively coupled to the
radiative interior, thus the whole star is spun up, not only the con-
vection zone. Indeed, this is consistent with models of the rotational
evolution of the Sun and late-type stars (cf. Bouvier 2013). Most
of the host stars considered by McQuillan et al. (2013) have a rota-
tion period shorter than ∼ 30 days and a mass comparable with that
of the Sun, therefore we conclude that tidal spin-up is ineffective
to change their rotation in a significant way, at least considering
planets with masses up to ≈ 10 M⊕. Note, however, that some au-
thors have considered the possibility of a weak coupling between
the convective envelope and the radiative interior in late-type stars
(see, e.g., Winn et al. 2010). In this case, tides can significantly
spin-up the convective envelope because its moment of inertia is
at least one order of magnitude smaller than that of the entire star
(see, e.g. Pinsonneault et al. 2001, for the mass of the convection
zone in stars of different spectral types). The consequence would
be a significant decrease of Prot while the planet approaches the
star that would produce a significant fraction of close-in planets
around fast-rotating stars, contrary to the observations. Only after
the planet in engulfed into the star at the end of its tidal evolution,
we would see an absence of close-in planets around fast-rotating
stars in agreement with the observations. This would require a tidal
decay timescale of the order of a few hundreds Myr, even in the
case of planets with an initial orbital period greater than 5− 7 days,
in order to keep the number of fast-rotating stars accompanied by
close-in planets small. Such a fast tidal evolution is unlikely given
the current estimates for the tidal dissipation efficiency in late-type
stars (see below). Finally, we note that in the case of F-type stars,
internal gravity waves might transfer angular momentum from the
stellar interior to their outer thin convection zone during the main-
sequence evolution thus making our simple approach invalid be-
cause the observed rotation period would be modified by this pro-
cess in addition to the tidal torque (cf. Rogers & Lin 2013, and
references therein).
Next we consider the evolution of a planetary orbit under
the action of tides. Assuming that the star is rotating significantly
slower than the orbital period as a consequence of magnetic brak-
ing, the evolution of the semimajor axis in the case of a circular
orbit is given by (cf., e.g., Jackson, Greenberg, & Barnes 2008,
Eq. 2):
1
a
da
dt = −
9
2
√
G
M∗
R5∗Mp
Q′∗
a−13/2, (3)
where Q′∗ is the modified tidal quality factor of the star. It is a non-
dimensional measure of the tidal dissipation inside the star that in-
creases for decreasing Q′∗. A lower limit to Q′∗ is 106 in solar-type
stars (Ogilvie & Lin 2007). If Q′∗ = 106, the radius of the planet Rp,
and the mass of the star M∗ stay constant, we can integrate Eq. (3)
to find the time τmigr required to migrate to a final semimajor axis
af starting from an initial semimajor axis ai ≫ af :
τmigr =
4
117
√
M∗
G
Q′∗
R5∗Mp
a
13/2
i
≃ 7.5 × 1011
(
M∗
M⊙
)1/2 (R∗
R⊙
)−5 ( Mp
MJ
)−1 (
ai
0.1 AU
)13/2
yr. (4)
Considering an initial orbital period of 4 days for a planet of mass
Mp = 10 M⊕ around a solar-like star, we find τmigr ≃ 7.6 Gyr that is
comparable with the main-sequence lifetime of the star. Therefore,
older stars should have their planets closer than younger stars, if we
consider planets with an initial orbital period Porb(i) 6 4 days, while
tidal migration takes longer than the main-sequence lifetime of the
system for initially longer orbital periods.
If we assume a Skumanich-type law of stellar rotation braking,
we can relate the present rotation period of the star Prot to its age
t as (cf. Barnes 2007, Eq. 3): Prot ∝ tng , where the gyrochronol-
ogy exponent ng = 0.5189 ± 0.007 ≃ 1/2. In the above hypoth-
esis, this time is comparable with τmigr. Therefore, by integrating
Eq. (3) and applying Kepler third law, we find the following rela-
tionship between the present rotation period of the star, the present
orbital period Porb of the innermost planet and its initial orbital pe-
riod Porb(i)(> Porb):
Prot ∝ (P13/3orb(i) − P13/3orb )ng ≃ (P13/3orb(i) − P13/3orb )1/2. (5)
Eq. (5) is not compatible with the dependence Prot ∝ P−2/3orb found by
McQuillan et al. (2013). In other words, tidal evolution alone can-
not account for the observations, even considering only the subset
of systems with initial orbital periods 6 4 days for which tidal evo-
lution could be relevant. This limit depends on the assumed lower
limit to Q′∗. If Q′∗ ∼ 107, as suggested by, e.g., Jackson et al. (2009),
the initial orbital period must be . 2.5 days in order to have a sig-
nificant orbital shrinking during the main-sequence lifetime of the
host, thus making our model not applicable to most of the stars that
follow the Prot − Porb regression.
In the above argument, we did not consider in detail the tidal
and magnetic braking effects in the evolution of the stellar spin,
as done by Teitler & Ko¨nigl (2014). However, to reproduce the
observed correlation in Eq. (1), they need to assume Q′∗ = 105
that leads to a tidal dissipation rate at least one order of magni-
tude greater than indicated by the observations of main-sequence
close binary stars (Ogilvie & Lin 2007). This implies a rapid or-
bital decay that would strongly deplete the observed population of
hot Jupiters (cf., Jackson et al. 2009) and should be easily detected
with transit timing observations because the difference in the tran-
sit mid-times will reach up to several tens of seconds with respect
to a constant period ephemeris in ∼ 10 yr (cf. the case of the very
hot Jupiter Kepler-17 in Bonomo & Lanza 2012). Moreover, the
distribution of planetary systems in the log Prot − log Porb plane as
simulated by Teitler & Ko¨nigl (2014) is significantly sparser than
the observed one for Porb 6 10 days and Prot 6 12 days. This sug-
gests that a different mechanism is at work to shape the population
of close-in planets.
We have discussed the tidal evolution by assuming a con-
stant quality factor model because it is widely applied in
the literature. However, a constant viscous time model (e.g.
Eggleton, Kiseleva, & Hut 1998) may be more physically moti-
vated. In this case, Eq. (3) becomes:
1
a
da
dt = −
1
tTF
, (6)
where the tidal friction timescale is given by:
tTF =
1
9σ∗
a8
R10∗
M∗
Mp(M∗ + Mp)
(
1 − QE
QE
)2
, (7)
with σ∗ the stellar tidal dissipation constant and QE a nondimen-
sional factor of order unity that depends on the internal stratification
of the star and measures its response to the perturbing tidal potential
(see Eq. (40) and Eqs. (15) and (18c) in Eggleton, Kiseleva, & Hut
1998, respectively). Note that we denote the internal structure con-
stant as QE instead of Q as in Eggleton, Kiseleva, & Hut (1998),
to avoid any confusion with the tidal quality factor. Repeating the
derivation that led to Eq. (5) starting from Eqs. (6) and (7), we find:
c© 2002 RAS, MNRAS 000, 1–13
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Prot ∝
(
P16/3
orb(i) − P16/3orb
)ng ≃ (P16/3
orb(i) − P16/3orb
)1/2 (8)
that is still incompatible with Eq. (1), thus showing that the evolu-
tion predicted by a viscous tidal model is also not capable to ac-
count for the observed correlation.
3.3 Scenario 3: Secular evolution of planetary systems
Systems consisting of more than two planets are prone to develop
a chaotic dynamic evolution as discussed by, e.g., Laskar (1996,
2008) and Lithwick & Wu (2013) in the case of the Solar System.
An important consequence is the possibility for the eccentricity
of the orbit of the innermost planet to become very close to the
unity, i.e., the planet closely approaches the star at periastron (cf.
Sect. 3.3.1). In this regime, the orbit is circularized by tides inside
the planet, while the orbital angular momentum is conserved lead-
ing to a close-in orbit (cf. Sect. 3.3.2). This mechanism has been
proposed to explain the formation of hot Jupiters (Wu & Lithwick
2011). We apply a similar mechanism to the lower mass planets
considered by McQuillan et al. (2013) and show that it accounts
for the observed correlation between stellar age as indicated by Prot
and the minimum orbital period of the innermost planet Porb as de-
termined by secular evolution (Sect. 3.3.3). The same mechanism
may account also for the orbital period distribution of the close-in
planets (Porb . 15 days; see Sect. 3.3.4).
3.3.1 Chaotic dynamics
A system of planets that are far from orbital mean-motion reso-
nances generally evolves through the effect of secular perturba-
tions. If it consists of only two planets on nearly circular and copla-
nar orbits, its long-term evolution is well described by Lagrange-
Laplace theory. It describes the evolution of the Cartesian com-
ponents of the Laplace vectors of their orbits h j ≡ e j sinω j,
k j ≡ e j cosω j, where e j is the eccentricity and ω j the argument
of periastron of planet j, as linear combinations of eigenmodes that
oscillate sinusoidally in time with characteristic eigenfrequencies.
The orbital periods of the two planets stay constant because their
mechanical energies are individually conserved, while secular per-
turbations only imply exchanges of angular momentum between
their orbits (cf., e.g., Murray & Dermott 1999). Only if the or-
bits have substantial initial eccentricities or mutual inclination, the
interaction among the eigenmodes can become non-linear and a
chaotic regime may develop.2 On the other hand, in systems con-
sisting of three or more planets, a chaotic regime is generally ap-
proached after an initial regular phase during which their orbits stay
nearly circular and coplanar.
The chaotic secular evolution of a system of N non-resonant
planets is ruled by the conservation of the mechanical energy of
each of their orbits, that leads to constant semimajor axes a j with
j = 1, ...,N, and of the so-called total angular momentum deficit
2 In the case of a mutual orbital inclination between 40◦ and 140◦ , the
Kozai-Lidov mechanism can produce large cyclic oscillations in the eccen-
tricity and the inclination of the inner orbit. If the orbit of the outer planet is
eccentric, oscillations in the eccentricity of the inner orbit up to values close
to the unity are favored and there is also the possibility of reversing the di-
rection of its angular momentum both along a cyclic or a chaotic evolution
depending on the system parameters (Naoz et al. 2011; Lithwick & Naoz
2011). In the case of initial nearly coplanar eccentric orbits, the eccentricity
of the inner orbit can be cyclically excited to high values and the orbit may
also flip the direction of its angular momentum (Li et al. 2014).
(hereafter AMD, Laskar 1996, 1997; Wu & Lithwick 2011). The
exchanges of AMD among planets are particularly important for
the excitation of a large eccentricity of the orbit of the innermost
planet during the secular evolution of the system. Nevertheless, dur-
ing most of the time, the orbits of the planets show small eccentric-
ities and inclinations to the invariable plane, i.e. the plane normal to
the total angular momentum of the system (cf., e.g., Laskar 2008).
The AMD of the j-th planet can be defined as (Lithwick & Wu
2013):
AMD j = M j
√
GM∗a j
(
1 −
√
1 − e2j cos i j
)
, (9)
where the mass of the planet M j is much smaller than that of the
star (M j ≪ M∗).
The innermost planet is the one that will generally be sub-
ject to the largest chaotic excursions in eccentricity and inclination
depending on the total AMD of the system that drives the secular
evolution (Lithwick & Wu 2013). During most of its evolution, a
system experiences a slow diffusion in phase space, the effect of
which is that of changing the eccentricity and the inclination in a
random-walk fashion. The values of these two parameters cannot
be predicted owing to the chaotic character of their evolution, yet
their probability distributions are well defined over intervals of sev-
eral hundreds Myr or a few Gyrs.
The probability p j(e, t) for planet j of having an eccentricity
between e and e + de during a time interval between t and t + dt
is given by p j(e, t) = ϕ j(e, t) de dt. Laskar (2008) provides a de-
tailed discussion of the distributions of the eccentricities of the So-
lar System planets during their evolution based on numerical inte-
grations. Specifically, his distribution f (e, t) at time t corresponds
to f (e, t) = ∫ t0 ϕ(e, t′) dt′ in our notation.
In the case of the eccentricity, a Rice distribution with mean
m and standard deviation σ is a very good approximation to f j(e, t)
over Gyr intervals (see Eqs. (2) and (3) in Laskar 2008):
f j(e, t) = e
σ2(t) exp
[
− e
2 + m2(t)
2σ2(t)
]
I0
[
em(t)
σ2(t)
]
, (10)
where I0 is the modified Bessel function of the first kind of degree
zero. This distribution is that of the modulus |z| of a complex num-
ber z = x + y
√
−1, where x and y are real normally distributed
random variables with the same standard deviation σ and mean x¯
and y¯, respectively, so that m =
√
x¯2 + y¯2. The symbol σ is distin-
guished from the tidal dissipation constant σ∗,p. As noted by Laskar
(2008), this implies that the Cartesian components of the Laplace
vector of the j-th planet h j and k j become random variables because
of the chaotic diffusion.
More precisely, the diffusion of the system in phase space pro-
duces a random-walk increase of the standard deviation of the ec-
centricity vs. the time t, i.e., σ(t) = √b0 + b1t, while its mean stays
approximately constant m(t) ≃ m. Note that Eq. (10) is valid only
for σ ≪ 1 because I0 is always greater than 1 and the probability
density function must decay rapidly to zero for e approaching the
unity. Therefore, when the system reaches an approximate equipar-
tition of AMD among the planets, σ and m must approach constant
values. In the case of the Solar System, this regime is approached
only after a timescale longer than the main-sequence lifetime of the
Sun because the distribution function of Mercury is still evolving
after 5 Gyr, while those of the other terrestrial planets have already
become almost constant. Nevertheless, in the case of a system ge-
ometrically similar to our own Solar System, an argument based
on mechanical similarity (Landau & Lifshitz 1969) indicates that
the timescale τs to reach a stationary density distribution scales
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as τs ∝ a3/2N , where aN is the semimajor axis of the outermost
planet. Therefore, we may assume that the more compact planetary
systems detected by Kepler generally have reached the stationary
phase of their chaotic evolution and the probability density function
ϕ1 of the eccentricity of their innermost planet no longer explicitly
depends on time t (see also Wu & Lithwick 2011).
Considering a sample of planetary systems with similar ini-
tial conditions and the same number of planets, the fraction P1(e >
e0, t) having the innermost planet with an eccentricity greater than
or equal to e0 at a given time t is given by: P1(e > e0, t) =∫ t
0
∫ 1
e0
ϕ1(e′) dt′ de′, where we have made use of the stationarity of
the system to eliminate the dependence of ϕ1 on the time. In or-
der to account for Eq. (1), we shall consider the case of a highly
eccentric orbit (e0 ∼ 1) that is subsequently circularized by tides
(see Sect. 3.3.2). Defining ǫ ≡ (1 − e) ≪ 1 , we can develop the
density ϕ1 in the interval [e, 1] in a Taylor series truncating it to the
first order, i.e., ϕ1(e) ≃ ϕ1(1) + ϕ′1(1)(e − 1) = ϕ1(1) − ϕ′1(1)ǫ in
the interval 0 < ǫ ≪ σ2 ≪ 1. The density function ϕ1 is decreas-
ing for e approaching the unity and is zero at e = 1, implying that
ϕ1(e) ≃ −ϕ′1(1)ǫ with ϕ′1(1) < 0.
If we fix a limit for the probability, i.e., consider the fraction
PL of all the systems with e > e0 at the time t, we have P1(e >
e0, t) = PL. Considering the above expression for ϕ1, we find:∫ t
0
dt′
∫ ǫ0
0
−ϕ′1(1)ǫ dǫ = −
1
2
ϕ′1(1)ǫ20 t = PL, (11)
where ǫ0 ≡ 1−e0. Eq. (11) implies that ǫ20 t = (1−e0)2t stays constant
during the stationary phase of the chaotic secular evolution of the
considered systems. In other words, if we fix the fraction PL, the
minimum eccentricity of the systems belonging to the above subset
with probability PL varies as (1 − e0) ∝ t−1/2, where t is the time
elapsed since the stationary state was reached.
An estimate of ϕ′1(1) can be obtained by considering that in
the stationary regime f1(e) tends to a Rayleigh distribution, i.e., it is
given by Eq. (10) with m ≪ σ (a detailed derivation is provided in
the Appendix A). By considering the distribution of the eccentricity
for systems with Jovian planets having periastron between 0.1 and
10 AU, i.e., those with planets sufficiently massive to obtain reliable
measurements of e from the radial velocity orbits, Wu & Lithwick
(2011) find σ ≃ 0.25. Therefore, we obtain:
ϕ′1(1) =
(
1
σ2
− 1
σ4
)
exp
(
− 1
2σ2
)
≃ −0.081. (12)
Nevertheless, we shall see below that a larger value, i.e., σ = 0.35
giving ϕ′1(1) = −0.987, allows us a better reproduction of the ob-
served frequencies of planetary systems (cf. Sect. 3.3.3). This is
in qualitative agreement with the greater eccentricity expected for
less massive planets, such as those detected by Kepler, because,
for a given AMD, the eccentricity increases with decreasing planet
mass (cf. Eq. 9).
3.3.2 Tidal circularization of planetary orbits
The results of the previous Section do not consider the effects of
tides that tend to circularize the orbit of the innermost planet. They
become relevant when the periastron gets closer than ≈ 0.05 AU
in the case of a solar-mass star. Since we consider orbits with ec-
centricity close to the unity, the tidal model based on constant tidal
quality factors for the star and the planet (Q′∗, Q′p) is no longer rig-
orously valid and we should use the so-called constant time-lag
model (see Sects. 2 and 3 of Leconte et al. 2010, for details). In
this hypothesis, the evolution of the eccentricity is ruled by:
1
e
de
dt = 11
a
GM∗Mp
{
Kp
[
Ωe(e) − 1811 Ne(e)
]
+ K∗
[
Ωe(e)Ω∗
n
− 18
11
Ne(e)
]}
, (13)
where:
Kp =
3
2
k2p∆tp
GM
2
p
Rp

(
M∗
Mp
)2 (Rp
a
)6
n2, (14)
with n ≡ 2π/Porb being the mean motion of the planet, k2p its apsi-
dal motion constant, ∆tp the constant tidal time lag, Ω∗ the angular
velocity of rotation of the star, and the expression for K∗ is obtained
by exchanging the index p with ∗; the functions Ωe and Ne are given
by:
Ωe(e) = 1 + (3/2)e
2 + (1/8)e4
(1 − e2)5 , (15)
Ne(e) = 1 + (15/4)e
2 + (15/8)e4 + (5/64)e6
(1 − e2)13/2 . (16)
For simplicity, we assume that the stellar spin is aligned with the
total angular momentum and the rotation of the planet is syn-
chronized with the orbital motion because the synchronization
timescale of the planet does not exceed ∼ 1 Myr. To allow for
a comparison with the model based on the modified tidal qual-
ity factor Q′, we assume that Q′∗,p = (3/2)(k2∗,pn∆t∗,p)−1 that is
only approximately valid (cf. Leconte et al. 2010), but is use-
ful in view of the large uncertainties in Q′∗,p (and ∆t∗,p) for stars
and planets. Similarly, we can give the approximate relationship
between Q′∗,p and the viscous dissipation constant: σ∗,p[QE/(1 −
QE]2 ≃ G/(nR5∗,pQ′∗,p). We obtain Eq. (13) also in the frame-
work of the constant viscous time model provided that ∆t∗,p =
(3/2)(R5∗,p/Gk2∗,p)σ∗,p (cf. Eq. 78 in Eggleton, Kiseleva, & Hut
1998). Note, however, that ∆t∗,p depends on the radius of the body
and its apsidal motion constant so, rigorously speaking, the con-
stant time lag and the viscous time model are different.
Tides inside the planet dominate the damping of the eccen-
tricity. Specifically, considering a planet with Rp = 3R⊕ and Mp =
10M⊕ in orbit around a sun-like star, we find:
Kp
K∗
=
Q′∗
Q′p
(
M∗
Mp
)2 (Rp
R∗
)5
≃ 19 Q
′
∗
Q′p
. (17)
For a rocky planet, we can assume Q′p ∼ 102 by analogy with the
Earth (Ray, Eanes, & Chao 1996), while for a gas giant Q′p ∼ 105
by analogy with Jupiter (Lainey et al. 2009). On the other hand,
for a solar-like star Q′∗ & 106 (Ogilvie & Lin 2007), implying that
the tidal dissipation inside the star is at least two orders of mag-
nitude weaker than in the planet as far as eccentricity damping is
concerned. This result does not depend on the specific tidal model
applied, but on the efficiency of the tidal dissipation inside the star
and the planet, respectively. For example, for an orbital period of
10 days, the tidal lag time is ∆t∗ ≈ 3 s for Q′∗ = 106 for a solar-mass
star. For a rocky planet the tidal lag time ∆tp is about 2 − 3 orders
of magnitude larger. Adopting the constant viscous time model,
the dissipation constant is σ∗ ≃ 6.9 × 10−55 kg−1 s−1 m−2, while
σp ≃ 4.4 × 10−43 kg−1 s−1 m−2 for a telluric planet. Hansen (2010)
has further compared the different tidal dissipation parameteriza-
tions in systems consisting of main-sequence stars and giant plan-
ets, so we refer the interested reader to that work.
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When the eccentricity e is close to the unity, Ne(e) ≫ Ωe(e)
and with a little algebra we find:
1
e
de
dt ≃ −
81
2
1
Q′p
(
M∗
Mp
) (
Rp
a
)5
Ne(e) n (18)
≃ −3 1Q′p
(
M∗
Mp
) (
Rp
a
)5
n
(1 − e)13/2 . (19)
Let us consider a planet with a semimajor axis a = 1 AU in or-
bit around a sun-like star with Porb = 1 yr and a periastron dis-
tance of 0.05 AU. The circularization of its orbit happens at vir-
tually constant orbital angular momentum because most of the
tidal dissipation occurs inside the planet whose rotation stays syn-
chronized during the whole process. Therefore, the final orbital
semimajor axis will be close to twice the periastron distance, i.e.,
af = a(1 − e2) ≃ 2a(1 − e) ∼ 0.1 AU for e ∼ 1, corresponding
to an orbital period of ∼ 11 days. The circularization timescale,
τ−1c ≡ (1/e)(de/dt) for a rocky planet with Q′p ∼ 102, Rp = 2R⊕,
and Mp = 4.2M⊕ as derived from Eq. (19) is only ≈ 50 Myr, i.e.,
much shorter than the main-sequence lifetime of the system. Given
the strong dependence on (1 − e)−13/2, τc increases rapidly with the
periastron distance, reaching ∼ 500 Myr for 0.07 AU, i.e., a final
orbital period of ∼ 20 days. This limits tidal circularization to fi-
nal orbital periods below . 15 days in the case of a sun-like star.
These conclusions and the characteristic timescales of circulariza-
tion are not significantly changed if we adopt the constant viscous
time model with the above values of the dissipation constants σ∗,p
because the eccentricity evolution equation is the same.
On the other hand, large eccentricity excursions have a vari-
ety of durations, mostly ranging between 105 and 107 yr, owing
to the chaotic nature of the orbital element fluctuations. Therefore,
it is conceivable that during one of those excursions leading to a
periastron distance . 0.05 AU, the orbit of the planet can experi-
ence a strong tidal encounter with the star and be circularized (cf.
Wu & Lithwick 2011). This process does not significantly depend
on the mass of the planet because for a more massive planet with a
gaseous envelope the increase in Q′p is counterbalanced by the in-
crease in Rp in Eq. (19). Therefore, the probability of tidal capture
and the circularization timescale are not expect to vary remarkably
with the mass of the planet.
We can compare the above theoretical results with the mea-
sured eccentricity of the orbits of exoplanets as plotted, e.g., in
Fig. 6 of Udry & Santos (2007). We see that planets with an or-
bital period shorter than ∼ 6 days, corresponding to a semima-
jor axis of ∼ 0.065 AU, are on circular orbits, while a remark-
able decrease of the eccentricity is observed for those having a
period shorter than ∼ 20 days that brings their periastron closer
than 0.06 − 0.08 AU. This supports our conclusion that orbits with
a periastron distance closer than ≈ 0.07 AU are tidally circular-
ized on a timescale shorter than the main-sequence lifetime of the
host. Adding to Fig. 6 of Udry & Santos (2007) recently discov-
ered Earth-size planets, our conclusion is not changed because the
eccentric orbits of some of them can be accounted for by the per-
turbations of close companions, given that most of them have been
found to inhabit multi-planet systems. On the other hand, planets
more massive that ∼ 20 M⊕ show circular orbits below ∼ 0.065 AU
because they are often isolated or have distant companions.
In principle, the eccentricity distributions should be different
for candidate planets orbiting young and old stars, as defined in
Sect. 2 on the basis of the detection of their rotational modulation.
Specifically, older stars should display a more distant limit for cir-
cularized orbits because tides have had more time to act. Unfortu-
nately, a precise measurement of the orbital eccentricity is possible
only through radial velocity measurements and is made difficult by
the low masses of those planets that make their radial-velocity am-
plitudes of the order of a few m s−1. Therefore, we cannot perform
such a detailed test of our model with our Kepler candidates, but
we can provide a prediction on the distribution of the orbital ec-
centricity. We recast Eq. (18) in terms of the periastron distance
q ≡ a(1 − e) using Kepler’s third law as:
1
e
de
dt ≃ −
81
2
1
Q′p
(
M∗
Mp
)
R5p N2(e) q−13/2, (20)
where N2(e) = [1 + (15/4)e2 + (15/8)e4 + (5/64)e6]/(1 + e)13/2 is
maximum at e = 0 and decreases for e → 1 with a lower bound
of ∼ 0.074. During the tidal evolution, q is bound between qi and
2qi, where qi is the value of the periastron distance when the tidal
capture occurred, i.e., at the beginning of the evolution. Since N2
is also bound, the timescale for orbital circularization τc scales as
τc ∝ q13/2i . The periastron distance in the case of an initially high
eccentric orbit is qi ≃ af/2, where af is the final semimajor axis,
i.e., when the orbit is circularized. By applying Kepler’s third law,
we find: Pc(τc) ∝ τ3/13c , where Pc is the orbital period once it has
been circularized after a tidal dissipation of duration τc. The longest
possible Pc is obtained when the planet is injected into a highly ec-
centric orbit at the beginning of the main-sequence evolution of
its host star and then is left unperturbed during all the subsequent
tidal evolution. Therefore, we conclude that the maximum Pc scales
as t3/13 with the mean age t of the considered stellar population.
For systems with Porb > Pc, we expect that the eccentricity values
follow a Rayleigh distribution, as shown in Appendix A, because
the efficiency of the tidal circularization drops rapidly with q−13/2.
Since the mean age difference in the case of the two populations
introduced in Sect. 2 does not exceed ≈ 50 − 100 percent, the ex-
pected difference in Pc is less than ≈ 10 − 20 percent because of
the small exponent 3/13 appearing in the power law dependence.
In other words, we do not expect to see a remarkable difference in
their circularization upper bound.
3.3.3 Secular evolution of the orbit of the innermost planet
With the theory introduced in Sect. 3.3.1, we can estimate the prob-
ability of getting a large orbital eccentricity for the innermost planet
in a multi-planet system. Its periastron distance will depend also on
the initial semimajor axis of its orbit a1. For the sake of simplicity,
we assume that a1 is the same for all the planets of the population
we consider. In the following, we show that this assumption is ade-
quate to account both for the correlation found by McQuillan et al.
(2013) and the other observations we have discussed in Sect. 2 per-
taining to the planet and age distributions of stars with and without
measured rotation periods.
For a population of systems with the same number of planets
and initial semimajor axes, we consider a fixed value of the prob-
ability PL of having an eccentricity of the innermost planet orbit
e > e0 at a given time t. The threshold value e0 approaches the
unity as the chaotic evolution goes on, according to Eq. (11). If the
periastron distance gets closer than ∼ 0.05 AU, tides can circular-
ize the orbit and the final semimajor axis of the innermost planet
becomes:
af ≃ 2a1(1 − e) 6 2a1(1 − e0) = 2a1
(
2PL
|ϕ′1(1)|
)1/2
t−1/2, (21)
where t is the time elapsed since the stationary chaotic phase of
the system was reached. The orbital period of the innermost planet
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can be obtained from Kepler third law as a function of the initial
orbital period Porb(i) that corresponded to the initial semimajor axis
a1. We assume that the time t is equal to the time elapsed since
the beginning of the rotational evolution of the host star under the
action of magnetic braking as parametrized by the gyrochronology
relationship in Eq.(3) of Barnes (2007) that we recast in the form:
log t = 1
ng
(log Prot − log Prot(i)), (22)
where ng = 0.5189 ± 0.007, and the initial rotation period
log Prot(i) ≡ log ag+bg log[(B−V)−0.4], with ag = 0.7725±0.011,
bg = 0.601 ± 0.024, and B − V & 0.45 is the colour of the host star.
Making use of Eq. (22) and Kepler third law, Eq. (21) can be recast
in the form:
log Prot 6 −
4ng
3 log Porb + c, (23)
where the constant c ≡ 2ng log[8PL/|ϕ′1(1)|] + (4ng/3) log Porb(i) +
log Prot(i) could be estimated if we knew PL, ϕ′1(1), Porb(i) and Prot(i).
The probability PL could be estimated if we knew the fre-
quency of the planetary systems that have an initial semimajor axis
a1, but for the moment we can treat it as a free parameter with the
only limitation that PL ≪ 1 for the validity of the linear approxi-
mation applied to derive Eq. (11). If we assume an initial rotation
period Prot(i) = 1 day, independent of B − V , a1 = 1 AU, that cor-
responds to Porb(i) = 1 yr for a sun-like star, |ϕ′1(1)| = 0.081 cor-
responding to σ = 0.25 in Eq. (12), the value c = 1.13 ± 0.02
in Eq. (1) gives PL = (5.8 ± 0.6) × 10−4. If we adopt σ = 0.35
in Eq. (12), we obtain PL = (7.1 ± 0.7) × 10−3. On the other
hand, 4ng/3 = 0.692 ± 0.009 is independent of all these assump-
tions, and agrees closely with the slope of the linear regression by
McQuillan et al. (2013) in Eq. (1).
The above model was developed to explain the regression trac-
ing the lower bound of the Prot-Porb distribution in Fig. 1. Never-
theless, we can test the validity of our assumptions by applying our
model to the whole distribution. To warrant that the initial eccen-
tric orbits produced by chaotic evolution be circularized, we restrict
our comparison to the systems with a present orbital period Porb 6
15 days, i.e., those whose periastron distance before circularization
was ∼ 0.06 AU. After a time t since the beginning of the evolution,
the probability of having an eccentricity in the interval [e, e + de]
in our linear approximation is: P(e)de = −ϕ′1(1) (1 − e) t de. After
tidal circularization, the final semimajor axis of the orbit will be:
af ≃ 2a1(1 − e) = 2a1 P(e)
ϕ′1(1)
t−1. (24)
Since a1 is assumed to be the same for all the considered systems,
Eq. (24) can be interpreted by saying that the probability of having
a final semimajor axis in the interval [af , af + daf] is proportional
to P(e)de. By applying Kepler third law and the gyrochronology
relationship, we recast Eq. (24) in the form:
log[KP(e)] = 23 log Porb +
1
ng
log Prot, (25)
where
K ≡
P2/3
orb(i)P
1/ng
rot(i)
|ϕ′1(1)|
, (26)
is a constant in our model because we assumed that the initial or-
bital period and the initial rotation period are the same for all our
stars. KP(e) is proportional to the probability of having a system
with an orbital and a rotation period in the ranges [Porb, Porb+dPorb]
and [Prot, Prot+dProt], respectively. Therefore, we expect to observe
that the number N of systems having a given value of KP(e) is pro-
portional to the value of KP(e) itself.
We can test this prediction by counting the observed number
N of systems in each bin of KP(e). We plot the linear regression
between log N and log[KP(e)] in Fig. 6. The slope of the regres-
sion is 0.907 ± 0.088 as computed with the first eight points, i.e.,
excluding those with log KP(e) greater than 2.8. Since this is com-
patible with a unity slope within the uncertainties, we regard our
model prediction as confirmed.
For log KP(e) > 3.1, the number of observed systems de-
creases rapidly. The main reason is not the failure of our linear
approximation to P(e), but the increasing number of missed de-
tections of rotation periods among stars with slow rotation. More
precisely, since we have limited our comparison to the stars with
Porb 6 15 days, the values of log KP(e) larger than 3.1 correspond
to a minimum rotation period of the host of 15 days. Those stars
are characterized by an increasing fraction of missed rotation de-
tections because for Prot & 20− 25 days sun-like stars have starspot
lifetimes significantly shorter than the rotation period that makes
the detection of their rotational modulation increasingly difficult
(cf. Sect. 2). On the other hand, the agreement between our simple
model and the observations of stars with Prot . 15 − 20 days is re-
markably good. This suggests that indeed most of the short-period
systems observed by Kepler are produced by the proposed mecha-
nism, starting from an initially almost constant semimajor axis a1.
Looking at the observed distribution of the orbital periods of gi-
ant planets in Fig. 4 of Udry & Santos (2007), we see that there
is a broad peak between ∼ 300 and ∼ 1400 days. We may argue
that those planets trace also the distribution of many Neptune- and
Earth-sized planets that cannot be detected with the present tech-
niques at those large orbital distances. In particular, the short-period
component of the distribution peak, roughly centred around ∼ 1 yr,
might represent the initial population giving rise to the short-period
systems observed by Kepler.
Given the detected frequency of short-period transiting planets
in Kepler timeseries, we can estimate the frequency of the systems
forming this initial population according to our model. Consider-
ing the 1251 candidates with Porb 6 15 days and assuming a mean
transit probability of ptr ∼ 0.093, we estimate a total of 13,900
short-period systems around the 150,000 stars observed by Kepler.
Our estimated probability PL for the lower 5 percent of the distribu-
tion implies an initial number of systems Nin ≃ 13, 900 × 0.05/PL
about eight times the total number of stars observed by Kepler, if
we adopt σ = 0.25 in the Rayleigh distribution of the eccentricities.
This indicates that the value estimated for PL is underestimated by
at least one order of magnitude for that value of σ and supports our
approach based on relative probabilities to test our model. On the
other hand, if we assume σ = 0.35 in the eccentricity distribution,
we obtain that Nin ≈ 105 stars out of 150,000 observed by Kepler
may be initially accompanied by a system of several Neptune- or
Earth-sized planets with orbital periods & 1 yr. Note that the value
of σ and of the constant c that appears in Eq. (23), together with the
lower bound on PL that comes from the maximum allowed Nin, set
an upper limit on Porb(i) and therefore on the semimajor axis a1 of
the initial planet population considered in our simple model. More
precisely, we find that a fixed value for c implies PLa1 ∼ const.
With the adopted σ = 0.35, the upper bound for a1 is ∼ 1.5 AU
in the case of a sun-like star. A lower bound can be found if one
assumes that the frequency of multiplanet systems subject to the
3 Corresponding to an orbit with a = 0.05 AU around a sun-like star.
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Figure 6. Number of observed systems vs. the frequency predicted by our
model for secular evolution. The errorbars correspond to the square root of
the observed number of systems in each bin. The solid line is a linear re-
gression computed with the eight data points with log KP(e) < 2.8. Only
systems with Porb 6 15 days and B−V > 0.5 have been considered in order
to have tidally circularized orbits and host stars that follow the gyrochronol-
ogy relationship.
proposed chaotic evolution is, for example, at least ≈ 30 percent
for the stars of the Kepler sample. This gives a1 ∼ 0.5 AU and
Porb(i) ∼ 0.3 yr.
In principle, the problem of finding the most appropriate value
of σ can be settled by performing extensive numerical simulations
on the evolution of planetary systems. However, such an approach
is tremendously time-consuming (Laskar 2008) and is hampered by
the limited knowledge we have on the initial conditions. Therefore,
in this first study we prefer an heuristic approach and adjust σ to
obtain acceptable results.
3.3.4 Orbital period distribution
We can compute the expected frequency of planetary systems
from our model and compare it with the observations discussed in
Sect. 2. We focus on the distribution of the orbital periods of the
planets around stars with a measured rotation period and consider
only systems with Porb 6 15 days because tidal circularization is
ineffective at longer periods. The number N of systems in a given
orbital period bin is proportional to the total probability P for the
systems belonging to that bin as estimated from Eq. (25). There-
fore, we plot in Fig. 7, the ratio N/KP vs. the orbital period for ten
bins up to Porb = 15 days. We normalized the maximum of the ratio
to the unity, given the uncertainty on the value of K. The prediction
of a constant ratio is well verified for 3 . Porb . 15 days, while
the number of observed systems with Porb . 3 days around stars
with measured rotation is remarkarbly smaller than predicted by
our model. Since short-period planets are generally found around
slowly rotating stars and only a small fraction of them has mea-
sured rotation, our result can be a consequence of the limited num-
ber of rotation detections in old stars. However, the discrepancy
reaches about one order of magnitude in the case of the systems
with Porb ∼ 0.5 days, suggesting that a significant fraction of those
planets have been removed by some mechanism not included in
our simplified model. A good candidate is the tidal decay of the
orbit that we found to be significant for orbital period shorter than
2.5 − 3 days (cf. Sect. 3.2). This process can be accelerated by a
Figure 7. Normalized ratio of the number of observed systems to the fre-
quency predicted by our model vs. the orbital period. The errorbars corre-
spond to the square root of the observed number of systems in each bin.
Only systems with Porb 6 15 days, a host with B−V > 0.5, and a measured
host rotation period are considered. The vertical dashed line marks the min-
imum orbital period beyond which our model agrees with the observations.
restart of the chaotic evolution after the first orbital circularization,
as we discuss in the next section.
3.3.5 Late orbital evolution of planetary systems
The dynamical evolution of the innermost planet did not end with
the circularization of its orbit. This process dissipates its AMD, but
the generally larger AMDs of the outer planets may restart a chaotic
evolution making the orbit of the inner planet eccentric again. How-
ever, given the larger separation between the innermost planet and
the other planets and the lower amount of AMD remained in the
system, the eccentricity excitation may require several Gyrs. In any
case, its effect is that of making the orbit of the innermost planet
further approaching its host star until it reaches a minimum dis-
tance where precession and general relativity effects may stop the
exchanges of AMD with the other planets. The closest final semi-
major axis is (cf., Wu & Lithwick 2011, Eq. 3):
af ∼ 6.4
(
Mp
MJ
)−1/5 ( Mper
MJ
)−1/5 ( M∗
M⊙
)2/5 (
α
1/6
)−3/5 (Rp
RJ
)
R⊙, (27)
where Mp and Rp are the mass and radius of the innermost planet,
Mper the mass of the main perturbing planet, RJ the radius of
Jupiter, and α ≡ a1/aper the ratio of the semimajor axis of the
innermost planet to that of its main perturber. For a hot Jupiter,
this process can effectively set a minimum semimajor axis, but for
planets with a mass of a few Earth masses there is no such a limit
because of their smaller radii (cf. Sect. 5.1 of Wu & Lithwick
2011). At those close distances, tidal dissipation inside the star
becomes effective and the planet begins to fall toward its host.
A detailed discussion of this last phase is beyond the scope of
the present work, so we do not consider the engulfment process
here (see, e.g., Jackson et al. 2009; Metzger et al. 2012). We only
limit ourselves to note that the final engulfment of close-in planets
after several Gyrs of main-sequence evolution is in qualitative
agreement with Fig. 4 where we see that the planet distribution
around main-sequence stars older than approximately 4 − 5 Gyr
is significantly depleted of short-period systems (Porb . 15 days)
in comparison to that around younger stars. Since most of those
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planets have radii . 3 R⊕, the halting mechanism suggested by
Wu & Lithwick (2011) is barely effective and they are allowed
to approach the Roche lobe limit after which they are rapidly
engulfed.
4 DISCUSSION AND CONCLUSIONS
We further explore the sample of 1961 KOIs considered by
McQuillan et al. (2013) in their search for rotational modulation
in planetary hosts. We find that planetary candidates orbiting stars
with measured rotation periods are more frequent up to Porb ∼
15 days than candidates around stars with undetected rotation.
By applying gyrochronology and considering selection effects, we
conclude that the sample of stars with measured rotation is likely
to be younger than those without. Gyrochronology suggests an ap-
proximately uniform age distribution up to ∼ 3 − 4 Gyr for the for-
mer sample, while the latter consists of stars with an age generally
older than 4 − 5 Gyr.
We propose an explanation for the intriguing correlation found
by McQuillan et al. (2013) between the minimum orbital period of
the innermost planet in a planetary system and the rotation period
of its host star. Our model assumes that those planets come from
a population with the same initial orbital semimajor axis that we
tentatively assume to be ≈ 1 AU in the case of a sun-like star. The
secular orbital evolution of the innermost planet is driven by a pro-
cess of chaotic diffusion of its eccentricity that can bring it to very
high values. When this happens, the planet experiences a tidal en-
counter with its host star that circularizes and shrinks its orbit on a
timescale of . 50 Myr. By modeling the evolution of the eccentric-
ity as a diffusion process, we are able to account for the observed
correlation between the rotation period of the host and the orbital
period in the KOIs. Our model also predicts that the eccentric-
ity of the inner planet follows a Rayleigh distribution, except for
orbital periods Porb 6 Pc, where the circularization bound period
depends on the mean age t of the considered stellar population as
Pc ∝ t3/13. This prediction can in principle be tested by future in-
vestigations. The proposed mechanism requires the presence of
at least other 2 − 3 distant planets in a typical system. This is in
general agreement with the observed increase in the frequency of
giant planets in the orbital period range between ∼ 300 and ∼ 1400
days (Udry & Santos 2007), if we assume that those planets are ac-
companied by many smaller Neptune- and Earth-sized siblings that
cannot be detected with current techniques.
The present investigation indicates that a simple model con-
sidering secular chaos and tidal evolution in planetary systems is
consistent with the available observations, in particular for systems
consisting of Earth- or Neptune-sized planets detected through
space-borne photometric monitoring. For such systems, the detec-
tion of additional distant planets can be challenging with present
techniques. Therefore, most of the apparently single planets discov-
ered by Kepler could have distant companions with masses compa-
rable to that of Neptune that cannot be presently detected, but can
sustain the considered secular evolution.
We find that the distribution of the orbital periods of the plan-
ets around stars with measured rotation can be well reproduced by
our simple model in the range 3 . Porb . 15 days, suggesting that
this interval of orbital periods is predominantly populated by plan-
ets that were initially on much wider orbits and that had suffered
the effects of secular chaos and of a final tidal circularization. For
orbital periods longer than ∼ 15 days, tidal circularization is in-
effective and a different mechanism must be invoked to populate
this part of the orbital period distribution because secular chaos
cannot modify the initial orbital period distribution. The KOI ob-
servations show a more or less constant frequency of planets up to
Porb ∼ 60 days, suggesting that the mechanism should not critically
depend on the finally reached orbital period. Migration in a proto-
stellar disc during the pre-main-sequence evolution of the system
may be a possible candidate (e.g., Lin et al. 1996).
Secular chaos can effectively develop in systems similar to our
own inner Solar System for which an excursion of the eccentricity
of Mercury up to values close to the unity has been found in a few
percent of the numerical evolutionary trajectories computed for a
time span of 5 Gyr (Laskar 2008). Therefore, it can contribute to
bridge the gap between our own solar system and extrasolar plane-
tary systems in the theoretical investigation of their evolution.
Our study also reveals the great potentiality of gyrochronology
for a statistical analysis of the evolution of planetary system pop-
ulations, suggesting that it is worth further investigating it, espe-
cially in the case of stars with close-in planets that could affect their
magnetic braking process (e.g., Lanza 2010; Brown et al. 2011;
Poppenhaeger & Wolk 2014).
ACKNOWLEDGMENTS
The authors are grateful to an anonymous Referee for a careful
reading of the manuscript and several comments that helped to
improve their presentation. A.F.L. is grateful to Drs. C. Damiani
and A. Vidotto for interesting discussions. The authors gratefully
acknowledge receipt of the solar total irradiance dataset (version
d41 62 1302 in file ext composite d41 62 1302.dat of 10 March
2013) from PMOD/WRC, Davos, Switzerland, and unpublished
data from the VIRGO Experiment on the cooperative ESA/NASA
Mission SoHO. E.S. acknowledges support from NASA OSS Grant
NNX13AH79G.
REFERENCES
Barnes, S. A. 2007, ApJ, 669, 1167
Batalha, N. M., Rowe, J. F., Bryson, S. T., et al. 2013, ApJS, 204,
24
Bolmont E., Raymond S. N., Leconte J., Matt S. P., 2012, A&A,
544, A124
Bonomo, A. S., & Lanza, A. F. 2012, A&A, 547, A37
Bouvier, J. 2008, A&A, 489, L53
Bouvier, J. 2013, EAS Publications Series, 62, 143
Brown D. J. A., Collier Cameron A., Hall C., Hebb L., Smalley
B., 2011, MNRAS, 415, 605
Cox, A. N. 2000, Allen’s Astrophysical Quantities, 4th Ed.,
Springer-Verlag, New York; Ch. 15
Dobbs-Dixon I., Lin D. N. C., Mardling R. A., 2004, ApJ, 610,
464
Eggleton P. P., Kiseleva L. G., Hut P., 1998, ApJ, 499, 853
Ehrenreich, D., De´sert, J.-M. 2011, A&A, 529, A136
Hansen B. M. S., 2010, ApJ, 723, 285
Jackson B., Greenberg R., Barnes R., 2008, ApJ, 678, 1396
Jackson, B., Barnes, R., & Greenberg, R. 2009, ApJ, 698, 1357
Lainey, V., Arlot, J.-E., Karatekin, ¨O., & van Hoolst, T. 2009, Na-
ture, 459, 957
Landau L. D., Lifshitz E. M., 1969, Mechanics, vol. I of the
Course of Theoretical Physics, Clarendon Press, Oxford; § 10
c© 2002 RAS, MNRAS 000, 1–13
12 A. F. Lanza and E. L. Shkolnik
Lanza, A. F. 2010, A&A, 512, A77
Lanza, A. F. 2013, A&A, 557, A31
Lanza A. F., Rodono` M., Pagano I., Barge P., Llebaria A., 2003,
A&A, 403, 1135
Lanza A. F., Rodono` M., Pagano I., 2004, A&A, 425, 707
Lanza A. F., Das Chagas M. L., De Medeiros J. R., 2014, A&A,
564, A50
Laskar, J. 1996, Celestial Mechanics and Dynamical Astronomy,
64, 115
Laskar, J. 1997, A&A, 317, L75
Laskar, J. 2008, Icarus, 196, 1
Lecavelier Des Etangs A., 2007, A&A, 461, 1185
Leconte, J., Chabrier, G., Baraffe, I., & Levrard, B. 2010, A&A,
516, A64
Li G., Naoz S., Kocsis B., Loeb A., 2014, ApJ, 785, 116
Lin, D. N. C., Bodenheimer, P., & Richardson, D. C. 1996, Nature,
380, 606
Lissauer J. J., et al., 2011, ApJS, 197, 8
Lissauer J. J., et al., 2012, ApJ, 750, 112
Lithwick Y., Naoz S., 2011, ApJ, 742, 94
Lithwick Y., Wu Y., 2011, ApJ, 739, 31
Lithwick, Y., & Wu, Y. 2013, PNAS, in press
http://www.pnas.org/cgi/doi/10.1073/pnas.1308261110
Lo Curto G., et al., 2013, A&A, 551, A59
McQuillan, A., Mazeh, T., & Aigrain, S. 2013, ApJL, 775, L11
McQuillan, A., Mazeh, T., & Aigrain, S. 2014, ApJS, 211, 24
Metzger, B. D., Giannios, D., & Spiegel, D. S. 2012, MNRAS,
425, 2778
Murray C. D., Dermott S. F., 1999, Solar System Dynamics, Cam-
bridge Univ. Press, Cambridge
Naoz S., Farr W. M., Lithwick Y., Rasio F. A., Teyssandier J.,
2011, Natur, 473, 187
Nielsen M. B., Gizon L., Schunker H., Karoff C., 2013, A&A,
557, L10
Ogilvie, G. I., & Lin, D. N. C. 2007, ApJ, 661, 1180
Pinsonneault, M. H., DePoy, D. L., & Coffee, M. 2001, ApJL,
556, L59
Poppenhaeger K., Wolk S. J., 2014, A&A, 565, L1
Ray R. D., Eanes R. J., Chao B. F., 1996, Natur, 381, 595
Rogers T. M., Lin D. N. C., 2013, ApJ, 769, L10
Teitler S., Ko¨nigl A., 2014, ApJ, 786, 139
Udry, S., & Santos, N. C. 2007, ARA&A, 45, 397
Walkowicz L. M., Basri G. S., 2013, MNRAS, 436, 1883
Winn J. N., Fabrycky D., Albrecht S., Johnson J. A., 2010, ApJ,
718, L145
Wu, Y., & Lithwick, Y. 2011, ApJ, 735, 109
Wu, Y., Lithwick, Y., 2013, ApJ, 772, 74
APPENDIX A: A RANDOM-WALK DIFFUSION MODEL
FOR THE EVOLUTION OF THE ECCENTRICITY
We consider the Poincare´ variable z of the orbit of the innermost
planet (cf. Sect. 2 in Lithwick & Wu 2011):
z1 =
√
2
(
1 −
√
1 − e2
)
exp
(√
−1ω
)
, (A1)
where e is the orbit eccentricity and ω the argument of periastron.
For e ≪ 1 we can develop the above expression into a series of the
eccentricity to obtain:
z1 ≃ e cosω +
√
−1 e sinω = k1 +
√
−1 h1, (A2)
where k1 and h1 are the Cartesian components of the Laplace vec-
tor introduced in Sect. 3.3.1. According to Lithwick & Wu (2011)
and Wu & Lithwick (2011), the evolution of k1 and h1 in a system
consisting of several planets undergoing chaotic dynamical interac-
tions can be approximately described as a random-walk diffusion
process. We consider a simple model for such a process along the
lines of the general theory of random walk processes. For simplic-
ity sake, we refer to the variation of k1, although the same con-
siderations will be valid for h1. We indicate with φ(s, t) τ ds the
probability of having a random variation of k1, δk1, in the interval
[s, s + ds] during the time interval [t, t + τ], where τ is the typical
timescale among successive random-walk steps. Since k1 is limited
to the interval ] − 1, 1[, we have:∫ 1
−1
φ(s, t)ds = 1, for all t, and
φ(s, t) = φ(−s, t), (A3)
expressing the normalization of the probability distribution at any
given time and the equal probability of positive and negative steps
of the same length. We assume that φ depends on the time because
the chaotic evolution becomes a stationary process only after some
time interval of the order of hundreds of Myrs or a few Gyrs.
The probability of having a value of k1 in the interval [k1, k1 +
dk1] during the time interval [t, t + dt] is given by ϕk1(k1, t) dk1 dt,
where ϕk1 is the probability distribution function of k1. Its variation
in the short time interval τ can be expressed by a Taylor expansion
truncated to the first order in the time:
ϕk1(k1, t + τ) = ϕk1 (k1, t) + τ
∂ϕk1
∂t
+ O(τ2), (A4)
where the partial derivative is evaluated in (k1, t). On the other hand,
the change of the probability distribution obeys the equation:
ϕk1(k1, t + τ) =
∫ 1
−1
ϕ(k1 − s, t)φ(s, t)ds, (A5)
because any given value k1 at the time t + τ comes from an initial
value k1 − s at the time t. We develop the r.h.s. of Eq. (A5) into a
Taylor series of powers of s as:
ϕk1(k1, t + τ) =
∫ 1
−1
ϕk1 (k1, t)φ(s, t)ds
+
∫ 1
−1
∂ϕk1
∂k1
sφ(s, t)ds
+
∫ 1
−1
∂2ϕk1
∂k21
s2φ(s, t)ds + O(s3), (A6)
where the partial derivatives are evaluated in the point (k1, t). The
first and the second integrals on the r.h.s. of Eq. (A6) vanish be-
cause of the normalization of φ and its symmetry with respect to
s (cf. Eqs. A3). Neglecting terms of the third order or higher in s,
we obtain a diffusion equation for the probability distribution of k1,
i.e.:
∂ϕk1
∂t
= D(t)∂
2ϕk1
∂k21
, (A7)
where the diffusion coefficient
D(t) ≡ 1
2τ
∫ 1
−1
s2φ(s, t)ds, (A8)
depends on the time t. To solve Eq. (A7), we define a new variable
t′ ≡
∫
D(t)dt, so that it becomes:
∂ϕk1
∂t′
=
∂2ϕk1
∂k21
. (A9)
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The solution of Eq. (A9) verifying the boundary conditions
ϕk1 (±1, t′) = 0 can be well approximated for k1 ≪ 1 as:
ϕk1 (k1, t′) =
1√
4πt′
exp
(
− k
2
1
4t′
)
. (A10)
When the system reaches a stationary state, this distribution be-
comes independent of the time t. Mathematically, this is equivalent
to say that t′ becomes constant and we may put t′ ≡ σ/2 that gives
a Gaussian distribution function for k1 with a standard deviation σ.
The same stationary distribution function is obtained for h1. There-
fore, the stationary distribution function for e ≃
√
k21 + h21 is given
by a Rayleigh distribution with standard deviation σ, in the limit
e ≪ 1.
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